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PERIODICITIES IN THE THEORY OF PARTITIONS. 

BY E. T. BELL. 

I. Definitions and Fundamental Identities. 
1. Introduction. If in the analysis of partitions we use theta functions, 

not merely theta constants as customary, we enter an extensive region of 
the theory of partitions which has not been worked hitherto, and which 
abounds in remarkable relations between Euler's P(n), the total number of 
partitions of n, and six other denumerants introduced naturally by this ex- 
tension. There is great flexibility in the method owing to the presence of 
continuous variables in the fundamental identities which are finite expressions 
containing denumerants. This is in sharp contrast to the usual analysis in 
which all relations between denumerants and functions of a continuous para- 
meter involve infinite series or products. 

The relations between denumerants fall into classes according to the 
periodicity of the coefficients. Two kinds of periodicity are encountered; the 
first is that familiar in analysis, the second is of the kind peculiar to the 
theory of numbers in which functions whose arguments differ by positive 
integral multiples of the period are not equal but are congruent with respect 
to certain moduli. Let us call the first of these ordinary periodicity and the 
second numerical. The type of numerical periodicity occurring in connection 
with partitions is that which appears in the integers defined by recurring 
series having scales of relation with integral coefficients the first of which is 
unity, or, what is equivalent, the algebraic numbers associated with the series 
are algebraic integers. This type was noticed by Lagrange, considered in 
detail for second order series by Lucas, and recently extended to the general 
case by Carmichael*. 

In one class of relations some of the coefficients have ordinary periodicity 
and the rest are aperiodic; in the second only numerical periodicity appears; 
in a third some of the coefficients exhibit ordinary periodicity and the rest 
numerical, so that in a sense this class is doubly periodic; in a fourth class 
all of the coefficients are aperiodic. On account of their greater simplicity 
and interest we treat only linear relations; the non-linear are given by 

* Quarterly Journal, vol. 48 (1920), pp. 343-372. 
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2 E. T. BELL. 

a parallel development starting from the addition theorems for the theta 
functions. 

The entire subject is interconnected with that of Lucas' functions u,, vi 
and with cyclotomy, so that we have here a link between the division of the 
circle into equal parts and the theory of partitions of numbers. The division 
of the circle has already entered indirectly into partitions through Sylvester's 
theory of waves. The present application is distinct from this. It will be 
evident also that the subject is closely related to the transformation theory 
of the elliptic theta functions, particularly to that part which gives the 
formulas for the division of the argument; but we do not discuss this. 

2. A-, E-, O-partitions. We consider those partitions of the positive 
integer n in each of which precisely r parts occur only once and no part 
appears more than twice, designating the number of such partitions by A, (n) 
if the parts may be odd or even, by Er (n) if all the parts are restricted to be 
even, and by Or (n) if all the parts are restricted to be odd; X is called the 
rank of each partition enumerated in A,. (n), E,. (n) or Or (n). The total 
number of partitions of n2 is denoted by P (n), and the whole number of 
partitions of n into parts none of which appears more than twice is written 
A (n) if the parts may be odd or even, E(nz) if all the parts are even, 0(n) if 
all the parts are odd. 

Hence 
A(n) -14- (n), E (n) -,Er (n) 0 (n) =- ~1Or (z), 

the summation extending to 2' = 0, 1, 2,* . Clearly X can not exceed 
1+ v ",n. 
By convention the value of each of the seven denumerants Ar (n), A (n),'* , 

0(n), P(n) is 1 when n = 0. 
From the definitions 

Er (2 ? + 1) 0- 2r (2 is + 1 ) - ()02?+l (2 n) 0. 

and it is easily seen (at once from the generators in ? 3, or from first 
principles) that E? (2 i) Ar (n). It is therefore unnecessary although some- 
times convenient to retain both the A and E functions. We need also the 
following in which x is a parameter, 

A' (x) =, x' A (n), E', (x) - Tex E, (it), 01' (W) = 0)r 0 (,), 

the I as before referring to r = 0,1, 2,* '. 
By convention Ao(x) - Eo(x) Oo (x) 1, and from the definitions 

A'l(l) = A(?, En(l) = E(n), On(1) = 0(n). 
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Of the seven functions P(n), - - * . 0 (n), only A (n) and Euler's P(n) seem 
to have been defined previously*. 

A (n) was introduced, discussed, and generalized by Glaishert. 
The remaining five can also be generalized in several ways immediately 

suggested by the forms of their generators, but as these extensions have no 
simple connection with the elliptic theta functions we leave them aside. 

3. Generators. Indicate that the part a occurs precisely a times in a given 
partition by writing a.. Then if aa, A *.*.. rc is a partition of n, 

aa + b+ * * * +cyrn, 

and a, P...... r are all different. If no part is to appear more than twice, 
each of a, b, *, c is one of the numbers 0, 1, 2. We may write ax n = na, 
and hence 

1 + xqn+ q 2n qno+ xqn'+ qna; 
whence the generators 

(1) fJ (1 +xSqn + q2n) -Zq~l A, (x), 

(2) J(i+xq+ qq21) =qnE' (x) =q2nA (x). 

(3) 7J+ xqnz+ q2 n) =:q 0 '(X). 

in which the respective products extend to all integers n 0, to all even 
integers I > 0, to all odd integers m > 0, and the summations to all integers 
n > 0. As obviously is permissible it is assumed that x, q both different from 
zero are such as to render the series and products absolutely convergent. 

4. Notation. For brevity 1,1. m,pIt, nv unless otherwise indicated represent 
integers of the following kinds: 1, 1 are even, m, p& odd, n, v odd or even, 

I > O. A '<0; m 0, dO 0; Ad 0 . v > O. 

The at triangular number, zero being counted the first, is written to,; 
ta = i a (a - 1), a > 0. The product sign 171 extends to all integers except 
zero of the type indicated, the summation Z to all integers of the indicated 
type, zero included. Departures from these conventions will be specifically 
noted where they apply. Wirhen the letter r occurs under) a I} the summation 
is with respect to r only, and refers to - = 0. 1, 2. * *; similarly Jor a, the 
summation in this case extending to a = 1. 2, 3.. * * From the nature of the 
functions all such sums are finite. Sums of denumerants whose arguments 

* Cf. Dickson, History of the Theory of Numbers, vol. 2, chap. HI; MacMahon, Combinatory 
Analysis, vol. 2. 

, Messenger of Mathematics, vol.12 (1883), p. 166. 
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are functions of A, A or v are extended only to all those values of A, , or v con- 
sistent with their definitions which render the arguments of the summands > 0. 
The significance of any formula can be seen at once by referring to this 
paragraph. 

5. The fundamental identities. In the usual notation of the elliptic 
theta functions 

48 (X) =qo 171(1 + 2q m cos 2 x + q2m) = qtcos2 vx, 
.q ?x (2o I X qs 

!1 
os 2 Y x, go qo (q) =111-), q- 1= q 2 nP(n), 

and hence by (3), 
q-1 Aid (+ X) zq O)no (2 cos x). 

Recalling that 0(n) = 0 when r, n are not both even or both odd we 
equate coefficients of like powers of q in the last identity distinguishing the 
cases n i, n m: 

(4) E22rO2, (1) cos2rX zj 2 ) cosA.x, 

(5) E22r+lO 2r+1(M) COS2r+lx =(n 2 cos (x. 

In the same way from 
1 fir 

42 )= 2qO q4 cosx(1?+2ql cos2x+q21) qT4 costx, 

we find, on dividing through by qo and using (2), 

(6) 2 cosxZ2rE ( 41) cosr2x =P 8 )CosX 

when and only when m = 1 mod. 8. These three can be written also 

(4.1) 122rO27 (2n) Cos2rX = P(n) +2 2 P(n - 2a2) cos2ax, 

(5.1) Z22r+102r+1(2n+1) cOs2r+lX= 2ZP( -4ta) cos(2a- 1)x, 

(6.1) cosxZ2rA,(n) cosr2x =IP(n - ta) cos (2a - 1)x, 

where in the last we have replaced Er(2n) by Ar(n). Multiply (6.1) through- 
out by cos x and replace x by ix, 

(6.2) 2Ao (n) + 2a [Aa - 1 () + 2 Aa (n) cosax 
- 2P(n) + 2 f[P(n - ta) + P(n - ta+1)] cosax. 
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In (4.1) - (6.1) change x into x + in, 

(4.11) X22rO2r(2 n) sin2rX =P(n)+22(- 1)" P(n -2a) cos2ax, 

(5.11) 22r+1 02r+1(2fi + 1) sinj2r+lX 

= --2 ija P(f -4ta) sin (2a-a 1) x, 

(6.1 1 ) sin x2,(- 1)r 2r ̂ r (n) COSr 2X 

-- - (-1)' P (n - ta) sin (2ca - 1) x; 

and in (6.2) change x into rf -- x, 

(6.21) 2A (n) + Z(- 1)a 2a [a -(n) + 2 Aa (n) Cosa x 
=2P(n) + 2:(- 1)a [P(n - ta) +P(n - t.+ )] cos ax. 

6. Introduction of Lucas' functions*. It follows from De Moivre's 
theorem that if p, q are real and x is the real or imaginary angle such that 

(7) 2 Vq cosx ! p, 2 q sin x= Z-, 4 q t 12t, 

then for all values >0 of n, 
1? n 

(8) 2q 2 cosnx - Vn2 2qT sin nx uV4q -p2, 

where u,., vn is that pair of linearly independent solutions of the difference 
equation 
(9) yn+2 = pyn+1- qyn 

which is defined by the initial values 

(10) uO 0, u=-1, vo=2, v1=p. 

When p, q are integers 7z 0, u,, vi, are the singly periodic numerical 
functions of Lucas, the implied periodicity in this definition being numerical 

* E. Lucas, (1) Ainerican Journal of Mathematics, vol. 1 (1878) pp. 184-238, 289-321: 
(2) Theorie des Nombres, chap. 18, cf. also Bachmann, Niedere Zahlentheorie, vol. 2, chap. 3; 
Dickson, loc. cit. vol. 1, chap. 17, also papers of Cipolla, ibid. p. 218 for properties relating to 
the periodicity. Note that il (2) Lucas abandons the restriction that p, q be relatively prime 
in the definition of u", v., while Bachmann retains it. The implications of this distinction 
do not concern us here; cf. Carmichael, loc. cit. ? 2. 

t If 4q - p2 the results are developed otherwise, cf. ? 18. 
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as defined in ? 1 and independent of the period 2 w/n of the circular functions 
in (8). For assigned values of p, q the moduli with respect to which this perio- 
dicity obtains are determinate, as also are the sequences u.,, v. (n = 0,1, .... 
The particular sequences defined by p = a, q = b (a, b constants) are called 
the u, v sequences for (a, b). To eight of the most interesting Lucas gave the 
following names: (1, -1), Fibonacci; (2, - 1), Pell; (2, -3) conjugate Pell; 
(3, 2) Fermat. As will be seen later these cases play an important in the 
theory of partitions. The Fibonacci u-sequence 0, 1, 1, 2, 3, 5, .. . is usually 
called Fibonacci's numbers, although Bachmann gives this name to the 
v-sequence 2, 1, 3, 4, 7, 11. . . ., calling the first Lame's. He also names 
Pell's sequences after Dupre. When p, q are integers we shall call u., v. 
(n = 0 1, 2, .. .) the Lucas' u, v sequences for (p, q). 

In what immediately follows p, q are arbitrary real quantities. Write 
6 -V`P=4T, so that 

dad ~ 6 =o -t 2, 

and hence from (7), (8): 

a q apt aqn 

(13) Mfudp 1/nf Vn, fundq -1/(n + 1) vn+, 

(14) 1/6fvn/tddp = 1/n ,unt 1/6 $vn1ddq=-II(n+1).up,+j9 

and the explicit values of u,, v. are given by 

(15) 2n d u = (p + ?6) - (p - d-n) 2n v =_ (p + 6)n + (p - )" 

these being a pair of fundamental solutions of (9). 
7. Ordinary periodicity. This occurs in connection with partitions as 

follows. Let a (n) be a function which takes a single integral value for each 
value ?0 of the integer n. Then if there exists a finite integer n'> 0 such 
that for k an arbitrary integer > 0, a (n + kn') = a(n) (n = 0, 12, * * * 
n' is a period of a(n); and if m is the least period of a(n) the values of a(n) 
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recur in cycles of m and in no smaller cycle. Let us call this least cycle of 
values the recurrence of a (n) and indicate it thus, 

as 1, 2, 3, * * -,m -1, 0mod. m, 
a(n) = a(1), a(2), a(3), * * , cc(m-1), a(O), 

giving in any specific case the actual values of a (1), a (2), a (0). This kind 
of periodicity appears in sums of the forms 

d oa (a) P(,n- 2 a'), a (a) P(n -ct.,,, c- 1, 4. 

Such sums are not periodic functions of m or of i; the periodicity is only in 
the cyclic recurrence of the coefficients. When m is the period of a (n) it is 
convenient to say that each of these sums is of period m. 

To see more clearly the nature of relations involving a (n) functions con- 
sider the sum of period 5, 

-P(n - 1) + 2P(n - 3)- P(n - 6) -P(n - 21) 

+2P(n - 28)-P(n -36) -P(n -66)- *, 
which will be shown equal to 

--A1(n) + A2(n)-2 A (iA) + 3A4(n)- 5A6(n) + 8A4(n) - 13 A7(n) + * - 

the coefficients 1, 1, 2, 3, 5, 8, * * * being Fibonacci's u. The arguments of the 
P's are of the form n - t. and decrease; the argument n of the A's is con- 
stant, and the rank variable. Thus the periodic (ordinary) sum is reduced to 
a linear functioB of A-partitions of n alone, the coefficients in which are 
numerically periodic. The relation can be written 

Za (a) P(n - ta) =,( (1)rgrAr(fl), 

where it is the rth Fibonacci number, and the recurrence of a (n) is 

a-1, 0, 3, 4, 0, mod.5, 
a(a)= 0,-1, 2,-1, 0. 

Fibonacci's Ir,+2has already appeared in the theory of partitions, MacMahon 
(loc. cit. p. 46) having introduced it from other considerations to enumerate 
the whole number of partitions of all numbers having no sequences, no repeti- 
tions and no part greater than r. It may be possible therefore to interpret 



8 E. T. BELL. 

the foregoing sum of A-functions in terms of partitions of n of one particular 
kind. The like applies to sums involving binomial coefficients (? 18), for the 
latter also have assigned meanings as denumnerants by MacMahon (ibid. p. 48). 

II. Relations in which Lucas' Numerically Periodic 
Coefficients Occur. 

8. General relations. The us", vn in (I) - (VIII) are any solutions of (9) 
determined by the initial conditions (10). Substitute in (4.1)-(6.21) the 
values of cos x, cos ax from (7), (8); to get (IV), (VIII) add and subtract the 
pair thus found from (6.2), (6.21); write out the others directly from the sub- 
stitution: 
(I) (1p2/p) 02 rO(2 n) = P(n) +- q-aa P(n - 2c02), 

(II) l~P(P'1q)r?2r+1 (2 " + 1) = qj V2a-1 P (- 4 ta), 

(III) p.(p2/q - 2)r 4A(n) = qj t2a-1 P(t -ta) 
qa 

(IV) 2 Ao (it) + Y(p2/q)a [A2. 1 (a) + 2 A2a (n)] 
) P (it) + in(& [POI - t2a) + P (n -- t2 a +1)], 

(V) ~(4 p /q) 02r(2 1) P(n) +:( 1)a iea - 2 2), 

(VI) 1(4 - p!/q)r02r4 i(2 -i + 1) -qj( - 1)' U(2al P(1 -4 tz qa 

(VI) 1(2 - p2/ q)y A.(it) =_- q (- I)a 12a-1 P (n - ta), 

(VIII) ~(p2/qi)a [A2a-2 (it) + 2 A2a- 1 W)] 
V2a-i [P(n - t2a-1) + P(1 - t2a)]. 

qa 

Each of these generates an infinite chain of results of the same general 
type upon repeated application of (1 I)-(14) in any order. At the nth step 
there are possible 8 X 7n-1 different relations deduced from any one. For at 
each step may be applied any one of the eight processes in (1 l)-(14) except 
the inverse of that last used. Thus the p-derivative of (I) is 

Jr(pa/q)r02r(2n) -: qa2a P(n- 2a2); 
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multiply this by d, take again the p-derivative and multiply by d, 

~[).2 (p2/)r' + 2 (2 r - I)'( q)'/'JO2r(2i) a. P u - 2a 2), 
qa 

and so on. 
9. Relations with Lucas' Functions. Thus far p, q are arbitrary real 

quantities. When p, q are integers, the it, v in all of the above relations are 
Lucas' functions. For the specially named sequences in ? 6 the results are 
)articularly simple and interesting, but we need not write them out. 
In the case of arbitrary p, q it is clear that in any of the relations 

coefficients of p", qb can be equated after it, have been replaced by their 
explicit forms (15) and expanded. The result is a chain of aperiodic relations. 
Some of the more important of these are obtained otherwise in ? 18. 

III. Ordinary Periodicity of Odd Prime Period p. 
10. Preliminary reductions of cyclotomic sums. This class of 

relations depends upon the e i j () - 1) binomial periods 

kI' X- I g k r7 2cosg"p (0<ke) 

appertaining to the p-section of the circle*, p an odd prime, 62) = 2 r/p, g a 
primitive root of p. In what follows it is immaterial which y be selected, but 
the choice once made is to be permanent, and likewise for the period r chosen 
presently. As j runs through all integers > 0, gj; takes only the e distinct 
values jk'(0 < k.< e). 

The values of 2 cos a op (0< a < e) are all different, and if a' is the least 
positive index of a to the base g, 

Ace=2 cos a P= 2 cos (p -- a) Op. (o < a e) 

It follows that 2cosa (O,<ace) is a permutation of 1'(O k<ee). 
Write ia' = t. so that the e binomial periods are 

ij1.=2cosaO,=2cos (p -a)p. (O<a=e) 

By convention No (not one of the periods) has the value 2. Reduced forms of 
four sums will be required. 

Let I be a particular one of the binomial periods and 4r(n)(r - 0, 1. 2, ..) 
single valued functions real for all values ? 0 of the integer n. 

* Cf. Mathews, Theory of Numbers, chap. 7; Bachmann, Kreistheilung, chap. 6. There is no 
corresponding class based on the f-nomial periods when f > 2. 
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Then 
(16) A(n) =EflAX(n) 

is uniquely reducible to 

(17) (n) = -o (n) + LI (n) 1 + L2 (n) 2 +** LL(n) je, 

in which Ls(n)(0 < s < e) are real. The appropriate reduction of L8(n) being 
rather long we first state the result for clearness. Since V is a particular 
period, one and only one set of e(e -1) integers Cjk is defined by the identities 

(18) r= - Cj1ifl + cj2 2 + * * * + Cje IC (O<j < e) 

obtained by expressing each of , * * *, tee-l as a linear homogeneous function 
of all the periods; moreover the e periods are the roots of an irreducible 
equation 
(19) a- Ve-1+a.2 e-2+ +aj+aO 

with integral coefficients. The e2 integers 

(20) Cja, ak(O <j< e, 0 <se, 0<ke), 

together with the recurrence relation of order e 

(21) f(n+e)=-ae_-if(ni+e-l)+ae-2f(n+e- 2)+---+aof(n), 

whose associated algebraic equation is the equation (19) of the periods, deter- 
mine L(n) for all values ? 0 of the integer n. For it will be shown that 

(22) Ls(n) = a(n)us (a), (O<s<e) 

the summation by ? 4 being with respect to a 1, 2, 3.**, where u.(n)(n? 0) 
is that solution of (21) which is given by the e -1 initial values 

(23) ts (i) = cjs (O < j < e). 

To prove this reduce (16) by (19) to 

(24) A(n)=- 4o(n)+4t(n) +A2(n)t2+ * * *+Je(ln)gel, 

in which the A's and 4 are independent of t, and write 

(25) e - I + e c2 .2 + *+ (n), 
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the So's being integers. Multiply (25) throughout by ij, reduce the right of this 
result by the right of (19), observe that by (25) the left of the identity so 
obtained is 

fe-i('f ? 1)' q+ - + 2 e-2(U + 1)1J 2 + + go( + 1), 

and equate coefficients of like powers of a, getting 

(26) (To (,n + 1) ao Te.-.(ni), 5j ('n + I)=Uj 9ne-(1fl) + srj-i (n). (O<j< e) 

From (26) it follows that 

(27) po (n), 9,1 (n), * - *, (n) 

is that set of e linearly independent solutions of (21) which is defined by the 
system of initial values 
(28) spj(j)=1(O ij<e), rpj(k) O(O0j<e, k<e, jtk); 

that is, (27) is the fundamental set of solutions of (21). Substitute in (16) the 
values (25) of AX, i2, and compare with (24): 

(29) lj (n) =via (n) qWj (a), (o < j<e) 

the I by ? 4 referring to a = 1, 2, 3, * * . In (24) substitute for j (n) from 
(29), if (j = 1,2,) "', - 1) from (18), and compare with (17). The coefficient 
of 1. (n) in L.(n), that is if8 (a), is 

e-1 
(30) U,(a) - fcjs vJ (a); 

J=1 

whence by comparing (30), (28) we have the stated initial conditions (23), 
which completes the verification of (22). 

With this is a complementary reduction obtained from the preceding by 
changing the sign of each period. The constants (20) are as before, and we 
find immediately that 

( 16-1) fi (n) =: (-- 1) ,r,, (}X) =_ IuO (,) + 2( - 1) la (D (,,) 

can be reduced to 

(17.1) i, (n) = Ito(n)-AMl(n) I-A Ml (n)1 ** - -Me(n) e, 
where now 
(22.1 ) Ms (no -_ p ( nd v8e (a), (0 < 8-<e 
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and v8(n) is that solution of 

(21.1) h (n+e) = (-1)jae,-jh(n+e e ) 
j=l 

which is defined by the e -1 initial values 

(23.1) V.0) _ (-)j-lcis; (0<j<e) 

the formulas being numbered correspondingly to those in the first reduction. 
The next type of sum, depending on the values of 2 cos a 8,, (a =- 1, 2, 3,... 

introduces the p + 1 elementary periodic functions upon which the relations 
of period p are based. Write [xj for the greatest integer not greater than x, 
hence e [2P], and define e + 1 periodic functions ak (a) (O k < e) by 

a2j(a) 1 a4-jmod.p, 0<j [ p]; 
(31) ap-2j(a) 1, a -4-j mod. p, [4r] <j < HPI; 

ao(a)=1, a- 0mod.p, 

the values of ak(a) in all cases except these being zero. Then it is easy to 
verify that 
(32) 2cos2ap=- ak(a)Nk (O=<k-<e) 

for all values > 0 of the integer a. We recall that N has the conventional 
value 2. In the same way e + 1 periodic functions k(a) (O c k < e) are 
defined by 

82j -1(a)- a ~j, 1 - jmod. p, 0 j [4 (P+ 1)] 

(3 3) lp - 2j + I(a) 1, a-~j, 1 - j mo d.p, [4 (p +1)] < j Z I; 

f80(a) 1, a-2(p+1)mod.p, 

the values of k (a) in all other cases being zero; and for all values of the 
integer a :;:; 0, 
(34) 2 cos (2 a-l1) tO 6 ik (a) f ki (o c k c e) 

Let Io, Xo be real quantities, ip (a), x(a) functions which are single valued 
and real for each integer a > 0. Then by (32) the sum 

(35) q'0+21 p(a) cos2aO0 
is reduced to 
(36) To + Y"1 Vl + 2 N2 +* + we ve, 
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in which the 11s are real, and 

(37) Io= qY'v+ 22cao (a) yJ (a), lYj (a) =Zaj (a) q, (a). (O<j c e) 

Similarly by (34), 
X e 

(38) Xo+22Xa cos(2a -1) 6p Xo+ lxj jy 

(39) Xo xo+2:io(a)x(a), Xj =:,j(a)X(a). (O<j-e) 

11. Systems of e relations each of odd prime ordinary period a. 
Take I = 1 in (18), thus finng the integers c, in (20). These values are under- 
stood in the rest of this section. The ak in (20) are the same for all choices 
of i. In each of (IX) - (XII) below j is defined by 0< j < e, so that each 
equality represents e = I (p-1) relations in which the functions a', 8', r' 
are ordinary periodic of odd prime period p, and by Carmichael's work cited 
in ? 1, the functions i, v have numerical periodicity. 

In (4.1) put x = op, hence 2 cos x =1, and reduce the result by (17), (36) 
e 

and .a'=-1 to 
j-1l 

e 

[- Oo (2 n) +?fuj (2 a)O 2a(2 nt)] Jj 
J=t 

e 

= ~[-P(n) +X(aj (a) -- 2 ac (a)} P(n-- 2 a )J2A. 

Write aj (a) -2 a0 (a) - aj(a) and in the preceding equate coefficients of qj: 

(IX) Oo (2n) -2uj (2 a) 02a (2 it) P(n) -, aj(a) P (n - 2 a7), 

in which, from (31), a'(a) = 0 (0 < k < e) except in the cases 

a_ j-mod.p, 0<j~j1lp1, < (a)= 1, 

(40) a = -4- jmod. p, I4 pI < 1*22) ce U 2j(a) = 1, 

a Oinodl.p, 0< j-< I2hi '(a) =- 2. 

The u-coefficients are integers determined by (21), (23). 
For the same it's, (5.1) compared with (37) -(39) yields the system 

(X)fu (a 1) 0.1 2n+1 -,Yd~) t.) 
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Ak(a) = 0(0 < k < e) except in the cases 

a ~j, I -jmod.p, O0j< [ ̂1(p +l)] 42 j-(a) =1, 
(41) a-- j, 1 -j mod.p, H4-(p + 1A<j2-[ ip], 8p'_2j+,(a) =1, 

a-i(pr+ l)mod.p, 0<j [1 , ;6j(a) = -2. 

In (6.2) put x = 6, and get for the same u's the system 

(XI) 2 An(n)-juj(a) [Aa - 1(,) +2Aa(n)] 
2 P(n) -j,<i(a) [P(n - ta) + P(n - ta +i)]; 

yk (a) = 0 (O < k c e) except in the cases 

(42) a 4a j mod. p, ( < j <[t]? r(a) 1; 
(42) a= 0mod., 0) < [ -)], Yj (a) 2. 

Comparing (6.21) with (16.1) we find for the same y' the system 

(XII) 2 A0 (n) +Zvj (a) [Aa - I (n) + 2Aa (n)] 
-2 P(n) -2(- 1)yj(a) [P(n- ta) + P(n- tai)], 

where the v's are integers determined by (21.1), (23.1). 
13. The recurrence (? 7) of each of the periodic functions aj (a), ,8j(a), J5 (a) 

consists of p terms one of which is - 2 and of the remaining J) -1 terms two 
are units (+ 1) and the rest zeros. In the recurrences of aq(a), yj(a) the 
terms, the last which is - 2 being omitted, read the same backwards and 
forwards; the recurrence of 8,(a) is symmetrical about its middle term -2. 
Each of the systems (IX) - (XII) determines a relation in which the recurrence 
for the periodic function consists of [j p] arbitrary constants kj and retains 
its symmetry as above. In these the coefficients it or v on the left are again 
given by the recurring series (21) or (21.1) but with sets of e - 1 initial 
values depending linearly on the kj. If the constants kij are integers the it, v 
are, by Carmichael's work as before, numerically periodic. It will be sufficient 
to write out the relation of this type deduced from (IX); the remaining three 
are found in the same way. 

In (IX) replace j by 2j, multiply by k2j and (glancing at (40)) put in turn 
for j each of the integers 0 . j < [1p], in (IX) replace j by p - 2j and let j 
range [p1 <yj [<p]; add all the relations thus obtained. Write ko = 2 (k, 
+ 76 + + ke*). Then if a (a) is the periodic function whose recurrence is 

a-1, 2, 3, - *, l)-3,p-2,p- 1, 0 mod. p, 
(43)~~ (a) k# 7.2 k7^ . . . ,. k7. k2 9 - ko 
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and u (r) (r = 1, 2, 3,*) is that solution of (21) which is determined by the 
initial values 

e 
(44) u (r) = kj cj (O < r < e), 

j=1 

we have for the sum just constructed 

(XIII) h0 00 (2 n) - u(2 a) 02a(2 n) ko P(n) -za (a) P(n - 2 as). 

IV. Relations Involving the Numbers of Fibonacci, 
Pell, Fermat and Lucas. 

14. Dependence upon quadratic integers. In section II the Lucas 
numbers appear as coefficients of the P functions; in the class to be con- 
sidered next these numbers are coefficients of the A. 0 functions and the 
coefficients of the P's are ordinary-periodic. Let d, po, qo, p1l ql be rational 
integers, of which d > 1 has no square divisor > 1; po, qo are arbitrary, and 
p = q, mod. 2. All integers C0, C, of the corpus K(V d) fall into the classes* 

(45) d-2, 3 mod. 4, 4 po+qoVI; 

(46) d-1 mod. 4, pi t+q 2 

Let u,,, v,d(n = 0,1,. *) be the Lucas sequences (? 6) for 

(45.1) (p,q) = (2pop- dp2); 

then it follows that 
(45.2) 2 tn = 1i. + qo /du,,; 

and if u,,, v. (n = 0,1, * * * ) are the Lucas sequences for 

(46.1) (p,q)= pi 2 - 3d ?) 

then 
(46.2) 2 1n= -v,+ ql dun. 

Considering first the primitive intergers of K(V1') we take q0, qt 0, and 
find in what cases a cosc bqk, a sinc b pk are quadratic integers, a, b, c, k being 
rational integers ' 0 and gk = I/k. If q0 orq, < 0, we take - O or - 

* Cf. Bachmann, Allgemeine Arithwetik, chap. 5; Reid, Algebraic Numbers, chap. 10. 
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instead of Co or C1 in (45.2), (46.2); and if Po = d or v, = d we take / Vd, 
C1/1V/ after having made where necessary the foregoing change of sign. 
These changes give the essentially simplest Lucas sequences; otherwise we 
get finally a different but equivalent set of relations between denumerants *. 

We find the following eight cases, classified according To the sequences 
involved. 

(p, q) (1 1) Fibonacci tU, v: 

22n+1 cos2" g10 22n+1 sin12" 2 9)f ( }4)" (V, ? 1T5 ); 
22n+1 

co" =2+'sn q=Vn + 
V--un); 

() 22+1 cos2 3910 = 22n+1 s.in2 g, (-VT)" (2 - 

2n+1 cos" 2T5 = 2n+1 sin" 3 9 (- 1)" (Vn - V5U) 

(p@q) =)(2 i _); Pell u, v: 

22n+1 cos" P8= 22n+1 sin2"3g8 = ( 7)" (,+V4 ); 
(48) 22?z?1 cos27"3qO8 = 22f+1 sin" V = (-1/) V n v(-Vun). 

(p, q) = (4, 1); L lcas u, ?': 

22n4+1 Cos2n 9.2 224+1 
5jn2n3T8 

v,, ? V= 
un; 

(49) 2+22n+1 cos2q2 =y 222 +1 sin2 ?2 =v, 

The last case, (p, q) = (4, 1), has been named after Lucas for convenience. 
These three cases correspond to the division of the circle into 10 or 20, 16, 24 
parts; and for the divisions into 2, 4, 6. 8, 12 parts we have cosn 9 (-1)", 
sin" 92 =1; 

2n cosq = 2n g = I; 

(50) 2n cos"S4 = 2" s-in"?j4 =( V 2)n 
2n cos", 9-C= 21" sin",s (V1/)"n 

In the Fermat case (p, q) = (3, 2) ?,,,- 2n - 1, Vn = 2n+ 1; 
(p, q) = (3, 2), Fermat it, v: 

2" [cs"~p1(- 1)" cosn~8 - - )u,,, ( 1)nv,,; 
(51) 

2n [COSn 2" (sin" sin" -) = u,,, V,4. 
2n, (sinn Sp, +~ sinn fs 4 n. 

* In checking the next list the table in Hobson's Trigonometry (Cambridge, 1897), p. 72 
will be found useful. 
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Recapitulating: when k = 1, 2, 3, 4, 5, 6, 8,10, 12, we can choose rational 
integers a, b, c, > 0 so that a coscbgpk, a sin, bgk are quadratic integers, and 
the values of these functions then are given by (47) - (51). 

The generalization to the case of algebraic integers of degree > 2 is suffi- 
ciently obvious. We do not consider this now, as clearly the associated u, v 
are not Lucas' sequences. 

15. Periodic functions. To have readily accessible the data for a com- 
plete discussion of the relations in which the associated algebraic integers 
are of the second degree we assemble here all the ordinary periodic functions 
occurring first. From these, which form a sort of fundamental set, all remai- 
ning periodic functions belonging to this case are constructed as in the deri- 
vations in ? 16. To save space we adopt an abridged notation. Write the 
elements in the recurrence of a periodic function a (a) in the order in which 
they occur, beginning with the element which gives the value of the function 
when the argument is congruent to 1 for the given modulus m. If any element, 
- a, is negative, write the minus sign above it, a; and if an element -a (or b) 
is repeated j times in succession, write it aj (or by), and similarly for repeated 
sequences of elements; thus (a b)j means a b a b ab to j terms a b. Finally 
enclose the result in ( )mthe suffix indicating the modulus, and write cc (a)=(*), 
the * denoting the elements written as above described. For example the 
recurrence 

a--1,2, 3,4, 5, 6? 7 8, 9 0 mod. 10, 
a(a) =1,0,0,0,-1,-1,0,0,0,1 

is abridged to ac (a) -(103 12 03 1)lo The following can be verified by inspection. 

4cos a 9b- a, 
(a) + ac(a) 15, 

(471) 4 cos 2 a g5 2 (a)? + (a) V5, 
4cos (2 a -1) t) . a(a) + a (a)V5, 
sin (2 a-1) q5 "4(a) sin y5 + a' (a) sin 2 )5: 

a1 (a) - ((1 1)2 4 (1 1)2 4)10, a(a) (12 12 0 12 12 
0)10, a2(a) = (14 4)5, ac(a) -(1 12 1 0)5, 

U23(a) = (124 12)5, a2a)=(1101)s, 

a4(a) 
- (1 03 1)5, a(a) (0 1 00)5. 

4cos a10 = a5 (a) + a5(a)lf-5+ ac'(a) 
cos 

So10 
+ a5"(a) cos 3 

T10, (47.2) cos(2a -1)T10- C6(a) cosSlo0+ c(a)cos3 p10, 
4sin (2 a -1) q10 =- a7 (a) + ac (a)V5: 

2 
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at6 (a) ((O 1 0 1)20 4 (O 10 1)2 04)20, C5' (a)-( ((1 0)2 (1 0) 2 (1 0)(1 0)2 0)20, 

Yl'(a) (4 074 0 407 40)20, 4"(a) (02 4 03 405 4 03 4 0)20, 
a6(a) = (108 12 08 1)1o, a'(a) =(01 0 1 02 1 0 1 )10, 

"7(a) 
- 

(1- 1 4(1 1 4 _1 1)1o, cc (a)= (12 
? 
12 12 

? 
12)10- 

It is important to observe that K(V5), K(cos (940), K(cos 3 Sol) are all 
different, and hence in a linear relation with rational coefficients between 
V-5, cos qioj, cos 3 9io, coefficients of these, and the rational terms, may be 
separately equated. Similarly for K(sin 5), K(sin 2 9;!). For the reduction of 
non-linear functions of these irrationals the following will he found sufficient, 

V5cos 9)lo- 2 cos 3 q?uo + cos w l7Hsin 
q2 

sin 2 - sin qy5. 

For the Pell case we find 

2 cos aqg8 =,1 (a) + 4X(a) VY2+ fi'(a) COS qf8 + fj"(a) cos 3 9u8, 

(48.1) cos(2 a -1)9)8 -2 (a) cos 8 + '(a) CoS 38, 
sin(2 a-1) l8 = f3(a) sin g8 +8 (a) sin39g8: 

fAl (a) = (07 207 2)16, fij(a) = (O 1 0? (1 0)2 1 02)16, 

#"'(a) (2 05 2 0 2 05 2 0)16, fi...(a) = (02 2 0 2 05 2 0 2 03)16, 
,2(a) (1 02 12 02 1)8, ((a) I( 1 102 1 1 0)8, 

f83(a) =(1 02 1 1 02 1)8, 1a)(0 ?2 12 0)8 

K( 1f2), K(cos9)8), K(cos 39T8) are distinct, also K(sin 9q), K(sin 3 9)8). 
For the Lucas case 

4 cos a T12 = ri (a) + yl(a) V2+ Vl' (a) 1 + y'1' (a) 1 '6, 
(49.1) 4 cos (2 a- 1)9p12 = (a)V2 + .(a)V6, 

4sin (2a -1)qSl2 r(a) 2+ V) 

ry (a) - (03 203 203 03 220s 2 03 4)24, 
(a) (1 0 2 0 1 0 1 0 2(01)2 02 0 1 O 1 0 2 0 10)24, 

yr' (a) - (0 2 07 2 03 207 2 02)24, 

yj"(a) = (103 1 oo3o ?10103010)24, 
r,(a) (12 1 1 2 12 2 1 1 21)12, '2(a) 

- ( O 1 0 120 0 11011 
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(5 1.1) cos a , : -( 1)4, cos (2 a - 1) S2 -O sin (2a -1),r2 = ) 
- l-. 

For the Fermat and miscellaneous cases 

2cosa3 =s di(a) (11211 2)e, 

2cos2ag's = d2(a) (1 2 0)8 
2cos(2a-1)?p8s = d(a) = (I 2 1), 

2 sin(2 a -1) Ts =4 (a)V3, 4 (a) (I 01)3. 
2cos aP4 e1(a)+e-(a)V2, e1(a) =(0320212)8, es(a) (101010)8, 

2 cos(2 a-1) p48 2 (a)V2, e (a) = (1 12 1)4, 

2sin(2a-1) 4 = e(a)172, es(a) = (12 12)4. 

2 cos a so (a) + (a) 

C1(a) (O 1 00 1 0 2 1 0 1 0 2),2y ;(a) =(1 Os 1 0 1 ?S 1 ?)12y 
2cos(2a-1)? Spo= (a)Y3 t2(a) (10 1, 0 1)e, 
2 sin (2 a 1) Sr6 = (a)1 t/3, C(a) =(I 2 1 I 2F 1h. 

It is possible to state a, 8, * *, C as explicit functions of their arguments 
by means of Legendre-Jacobi symbols; in all but a few cases the results are 
too complicated to be of interest. 

16. Fibonacci relations. These are written out by applying (47), (47.1) 
(47.2) to the identities in ? 5 for x=-5 01 916. For these values (4.1) gives 

(XIV) tyr 02r (2 n) = 2 P(n) +;a, (a) P(t -2 a2), 
zUr02 r (2 t) = 4a (a) P(n -2 a2), 

f5r [V2r 04r (2 it)+ 5U 2r1O 04 r+2 (2 n)] 2 P(l) +?2a1l (a) P(it 2 a2), 
5r [U2r O4r(2n) + V2r+104r?2(2fn)] = (a)PW 2a2). 

Similarly from (5.1), 

(XV) IL2r+1 02 r+1 (2 n + 1) a3 (a) P(n - 4 t,), 

2r)+ 1 02r+ 1 (2 i + 1) =Za(a) P (n 4 to) 

5r[U2 r + 04r+1 (21% + 1) + V2 +2 04r+3(2n + 1)] =,Ja8(a) P(n - 4 ta), 

:'r[V2r+104r+1(2l + 1)+u2r?10 +4t3(2fn + 1)] =,ag(a)P(n-4tc), 

ci8(a) = (1 0 12 03 o1)10, a(a) = (1 2 0212 2 0 2 1)jo. 
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From (6.1), 

hk- 1)TUrAr(Al) =2:a9 (a)P(n- ta) 

:(- 1)' VrAr(f) =2ac(a) P(n- ta) 

(XVI) a9(a) - (0 2 1 0)5, a'(a) = (2 3 232), 
2UrAr-(n) =a6 (a) P(n ta) 

vrAr(fn) = ao (a) P(n ta)- 
a10 (a) =-- (2 1 0 1 22 1 0 I 2)jo. 

From (6.2), 

5Ao (n) +1(2va + Va+i) Aa(n) = 5P(n) + 51all (a) P(n- ta+l) 

(XVII) Ao(n)+,Y(2Ua+ ~a+) Aa(n)T- P(n)+ Za'j(a)P(n t - al) 

acq (a) =-- (0 12 03 12)10, all (a) = (2 02 12 02 1s)jo; 

write for brevity Bo (n) - Ao (n), Ba (n) = Aa- 1 (n) + 2Aa (n); 

4Bo (n) +. 5a [V2a B4a (n1) + U2a - B4,(p2 (n)] 
- 4 P(n) +?.a12 (a) P(n - 

ta+1), 

5a-1 [5u2aJB4a (n) + V2a-I B4a -2 (n)] =Ya12(a) P(n -ta 1) 
2:5a-1 [(,2,_- + 5U2a-l)B4a-1 + (V2a-2 + U2a-2) B4a-8] 

- 2 P(n) +.a' (a) P(t - ta+ 1), 
15a-1 [V2a-1 B4a-1 + tU2a-2 B4a-8] =fai'2 (a) P(n -ta +1) 

an2 (a) (12 12 12 412 12 12 12 43)20, 12(a) (14 140314 1402)20, 

a2 (a) (2 06 2 06 28)20 aft? (a) = (0 13 03 12 0t 13 02 12 08)20. 

From (4.11), 

r [V2r 04r (2n) + 5U2r+ 04rr+2 (2n)] 
2P(n) +Y(- 1 )aa2 (a) P(n 2 a'), 

(XVI1I) 5r [t2 r 04r (2it) + V2 r+ 1 0)4)+ 2 (2n)] 
- ( l)aa'(a) P(n 2a2); 

V22rO2r (2n)= 2P(n)+ (-1 )aa(a)P(n- 2 a2), 

~u27O2r (2n) = :(_ l)aa'(a) P(n - 2 a). 
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From (5.11), 

15r[U2rO4r?1(2l+ 1)+V2r+104r+8(2n+ 1)1 

_ z (- l)a ah(a) P(n 4 ta), 
25r [V2r 04r+1 (2fn + 1) + 5 tU2 r+1 O4r+8 (2 n + 1)] 

(XI) I (- 1) as1 (a) P(n -4 ta), 

a13B(a) (12 0 12)5; 

zV2r 02r+1 (2 n + 1) = ( )a 1)a (a) P(n - 4 ta), 

2u2r 02r+1 (2 n + 1) = 1)a ac4(a) P(n - 4 ta). 
From (6.11), 

Mir Ar (f) = 2 ( 1)a at (a) P(1 - ta), 

ZVrAr(n) -2 (- 1) a14(a) P(n - ta), CI4(a) = (1 202 1)6; 

(XYX) z l1)" vr Al (n) =(-1'5 l (a) P(n - ta), 

( 1)' Ur A (r) , (- 1Z c)aC5 (a) P(n - ta), 

a15(a)==(1020110201)0o, at5(a)=(322233 2223)1o. 

(6.21) gives nothing new. 
17. Pell, Lucas, Fermat relations. Similarly to ? 16 the Pell relations 

are written out from (48), (48.1); the Lucas from (49), (49.1) and the Fermat 
from (50), (51), (51.1). To save space we omit the results. 

18. Miscellaneous and aperiodic relations. On account of their sim- 
plicity we include a few relations found by applying certain of the formulas 
in (50), (51.1) to the fundamental identities. In (4.1), (5.1) put x = and 
in (6.1) x =9: 

0(2 n) = P(n) + 62 (a) P(n-2 2a2), 
(XXI) 0(2n + 1) ds(a) P(n- 4 ta), 

A(n) = (a) P(n - ta), 

which express the 0, A functions in terms of Ps. 
The next are found in a wholly different way from any of the preceding. 

In the fundamental identities (4)-(6.21) reduce all powers of cosines or sines 
on the left to functions of multiple angles and in the results equate coefficients 
of cosines or sines having equal arguments; or express all cosines or sines of 
multiple angles on the right of the original identities in terms of powers of 
cosx, sinx, and in these results equate coefficients of like powers of cosx 
or sin x. 
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Equating first coefficients of cos 2 sx then of cos2mX, s?0, in (4.1) we find 

P(I) ( s + 02 2s+2 n +4s2) 
(XXII) r 

02,(2 n) = P(n -2s2)+ + 21(-1 1 +a_ (28 a P(n - 2 (s + a)2). 

The first expresses P(ii) linearly in terms of 0-partitions of ranks 2s, 
2(s+ 1), 2(s+ 2), of the fixed integer 2n+4 2; the second gives the 
0-partitions of 2 n of fixed rank 2 s in terms of all the partitions of n - 2 s8, 
n - 2(s - 1)2, n - 2 (s - 2)2, From their derivations these are valid 
for s> 0. Similarly from (5.1), 

P(n) =:2s+2r Jr )02s+ 2r+ 1(2,n +(2 s+ 1)'), 
(XXIII)r 

02s+1(2 n+ 1) =( ) 1 2s+ 2 a -1 2 +a) P( 4t+a) 

We omit the corresponding pair for Aa(tt), P(n) found in the same way 
from (6.2). By combining Euler's expansion of J7(i - xn) with the simplest 
identities between the theta functions it is easy to derive recurrences for 
A(n), 0(n) in which the arguments decrease by multiples of the successive 
triangular numbers. 

UNIVERSITY OF WASHINGTON. 
December, 1921. 
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